We suggest a geometric approach to quantisation of the twisted Poisson structure underlying the dynamics of charged particles in fields of generic smooth distributions of magnetic charge, and dually of closed strings in locally non-geometric flux backgrounds, which naturally allows for representations of nonassociative magnetic translation operators. We show how one can use the 2-Hilbert space of sections of a bundle gerbe in a putative framework for canonical quantisation. We define a parallel transport on bundle gerbes on R d and show that it naturally furnishes weak projective 2-representations of the translation group on this 2-Hilbert space. We obtain a notion of covariant derivative on a bundle gerbe and a novel perspective on the fake curvature condition.
Introduction and summary
In this paper we consider the quantisation of a twisted magnetic Poisson structure which is defined in the following way. We work with the d-dimensional real vector space M = R d for some d ∈ N, which we call 'configuration space', and consider its dual 'momentum space' M * with the evaluation pairing denoted by −, − : M * × M −→ R. The 'phase space' M = T * M = M × M * is naturally a symplectic space with the canonical symplectic form σ 0 (X, Y ) := p, y − q, x , for any two vectors X = (x, p) and Y = (y, q) of M; we write x = d i=1 x i e i and p = d i=1 p i e i where e i are the standard basis vectors of R d and e i are their duals, e i , e j = δ i j . By a 'magnetic field' we shall generically mean any 2-form ρ ∈ Ω 2 (M ) on M whose components ρ ij (x) have suitable smoothness properties, and with it we can deform the canonical symplectic structure to an almost symplectic form σ ρ = σ 0 − ρ .
(1.1)
The inverse ϑ ρ = σ −1 ρ ∈ Γ(M, 2 T M) defines a bivector
and 'twisted magnetic Poisson brackets'
{f, g} ρ := ϑ ρ (df ∧ dg) (1.3)
for smooth functions f, g ∈ C ∞ (M, C). For the coordinate functions x i (x, p) = x i and p i (x, p) = p i on M, we have the relations of the twisted magnetic Poisson brackets (1.3). On coordinate functions the violation of the Jacobi identity is seen through the non-vanishing Jacobiators
(1.7)
The twisted magnetic Poisson structure is central to certain applications to physics. For d = 3 it governs the motion of a charged particle in a magnetic field B = 3 i=1 B i (x) e i on M = R 3 by taking
where e ∈ R is the electric charge and ε is the Levi-Civita symbol. Canonical quantisation of the twisted magnetic Poisson structure means applying the correspondence principle of quantum mechanics to linearly associate operators O f to phase space functions f (X) such that the brackets (1.4) of coordinate functions map to the commutation relations
with a deformation parameter ∈ R. In physics one thus says that a magnetic field B leads to a noncommutative momentum space. In particular, by the second relation in (1.8) the operators
implement translations by vectors v ∈ R 3 t in the translation group R 3 t of M ,
and by the third relation they do not commute; we refer to P v as 'magnetic translations'. Note that the map f −→ O f does not generally send twisted Poisson brackets to commutators, since for functions
where the order 2 corrections are non-zero only when f and g are at most quadratic in X = (x, p).
In the classical Maxwell theory of electromagnetism, the magnetic field B is free of sources, i.e. div( B) = 3 i=1 ∇ e i B i = 0, and hence ρ is a closed 2-form, so that the bivector ϑ ρ defines a Poisson structure in this instance (equivalently σ ρ is a symplectic form). In this case the magnetic translation operators can be represented geometrically as parallel transport on a hermitean line bundle with connection (L, ∇ L ) on M (see e.g. [Han18, Sol18] ), where the curvature 2-form of ∇ L is given by F ∇ L = ρ. Then the quantum Hilbert space of the charged particle is the space H = L 2 (M, L) of square-integrable global sections of L (with respect to the Lebesgue measure). This geometric approach is reviewed in Section 2.
On the other hand, Dirac's semi-classical modification of the Maxwell theory allows for distributions of magnetic sources. For the field of a single Dirac monopole of magnetic charge g ∈ R located at the origin,
which is defined on the configuration space M = R 3 \ {0}, the line bundle L −→ M is non-trivial and only exists if the Dirac charge quantisation condition 2 e g ∈ Z is satisfied [WY76] .
When considering generic magnetic fields with sources of magnetic charge, the momentum operators O p 1 , O p 2 , O p 3 fail to associate and from the Jacobiator (1.7) we find
(1.9)
That is, the failure of associativity of the operators O p i is proportional to the magnetic charge density, whence for generic magnetic fields the operators O p i are part of a nonassociative algebra. The corresponding magnetic translations P u , P v , P w for vectors u, v, w ∈ R 3 t no longer associate either, with the failure of associativity controlled by a 3-cocycle on the translation group R 3 t that takes values in the U(1)-valued functions on M . Consequently, in fields of generic smooth distributions of magnetic charge H = e div( B) dx 1 ∧ dx 2 ∧ dx 3 , the algebra of observables of a charged particle can no longer be represented on a Hilbert space. The effect on the geometric side is the breakdown of the description in terms of a line bundle on M . This was already observed long ago by [Jac85] . In the case of a collection of isolated Dirac monopoles on R 3 one can circumvent these issues by excluding the locations of the monopoles from R 3 [WY76] , but this is not feasible when one wishes to describe smooth distributions of magnetic charge.
In addition to this conceptual interest in quantum mechanics, for general dimension d the twisted magnetic Poisson structure also plays a role in certain non-geometric string theory compactifications, see e.g. [BP11, Lüs10, BDL + 11, MSS12], after applying a 'magnetic duality transformation'. For this, note first that the transformation (x, p) −→ (p, −x) of order 4 preserves the canonical symplectic form σ 0 , and if we further map the 2-form ρ on M to a 2-form β on M * then we obtain the bivector
which leads to the twisted Poisson brackets of coordinate functions
Now the twisting is by a 3-form R := dβ on momentum space, called an 'R-flux', and in particular the non-vanishing Jacobiators on coordinate functions are given by
In this case one speaks of closed strings propagating in a noncommutative and nonassociative configuration space upon quantisation, which is interpreted as saying that the R-flux background is 'locally non-geometric'. Our results in this paper shed light on what should substitute for canonical quantisation of locally non-geometric closed strings.
Even though the Hilbert space framework is unavailable, the observables still form a well-defined algebra in the case of generic magnetic field ρ, as originally studied in [GZ86] and more recently within an algebraic approach to nonassociative quantum mechanics in [BBBS15] . Thus far there exist two approaches to the full quantisation of twisted magnetic Poisson structures. The original approach of [MSS12] is based on deformation quantisation and it provides explicit nonassociative star products, which have been developed from other perspectives and applied to nonassociative quantum mechanics in [BL14, MSS14, BSS15, KV15] . Another approach is to embed the 2d-dimensional twisted Poisson manifold (M, ϑ ρ ) into a 4d-dimensional symplectic manifold by extending the technique of symplectic realisation from Poisson geometry [KS18] ; in this approach geometric quantisation can be used and the standard operator-state methods of canonical quantum mechanics employed, but at the cost of trading the nonassociativity for the introduction of spurious auxiliary degrees of freedom which cannot be eliminated.
In this paper we provide a third perspective on nonassociativity that is more along the lines of an operator-state framework in canonical quantisation, and which avoids the introduction of extra variables. It was suggested by [Sza18] that a suitable geometric framework to handle nonassociativity analogously to the source-free case H = 0 would be to replace line bundles by bundle gerbes with connections. Bundle gerbes are a categorified analogue of line bundles whose curvatures are 3-forms rather than 2-forms, and these curvature 3-forms can model the magnetic charges H = dρ. We show that for generic smooth distributions of magnetic charge on M = R d the nonassociative translation operators P v are realised naturally as the parallel transport functors of a suitably chosen bundle gerbe I ρ on M . This suggests a canonical geometric representation of the nonassociative algebra of observables, where the state space is the 2-Hilbert space Γ(M, I ρ ) of global sections of I ρ ; this is in complete analogy with the line bundle description in the case of vanishing magnetic charge. In particular, this gives a precise meaning to the formal manipulations of [Jac85] which subsumed quantities on which the nonassociative magnetic translations were represented for generic magnetic charge density H: in our case these quantities are realised as sections of a bundle gerbe I ρ on R 3 .
In Section 2 we start by reviewing the associative situation with H = 0, and in particular the realisation of magnetic translations as the parallel transport on a hermitean line bundle with connection. We also recall the magnetic Weyl correspondence which provides the link between geometric quantisation and deformation quantisation via the parallel transport. In Section 3 we introduce the geometric formalism of bundle gerbes on R d . Like line bundles on R d , bundle gerbes on R d can be described very explicitly up to equivalence, and we specialise to that simplified setting. This allows us to give a very concrete model for the 2-Hilbert space of sections Γ(R d , I ρ ) of bundle gerbes I ρ on R d . We then provide a definition of projective representations of groups on categories rather than on vector spaces in Section 4: their failure to be honest representations is measured by group 2-cocycles whose target is a category rather than a module.
The parallel transport P on a given bundle gerbe I ρ on M = R d is defined in Section 5. We show that P induces what we call a 'weak projective 2-representation' of the translation group R d t of M on the 2-Hilbert space of global sections Γ(M, I ρ ); the higher 2-cocycle that twists this 2-representation is exactly the 3-cocycle discussed originally in [Jac85] and derived precisely by [MSS12, BL14, MSS14, Sza18] in the framework of deformation quantisation. What is currently lacking is a categorical version of the magnetic Weyl correspondence, defined in terms of the parallel transport functors P, that bridges the approaches to quantisation of the twisted magnetic Poisson structure through the 2-Hilbert space Γ(M, I ρ ) and deformation quantisation. In the final Section 6 we take a step towards an infinitesimal version of the magnetic translations, which can be interpreted as momentum operators on Γ(M, I ρ ) and could lead to a higher version of the magnetic Weyl correspondence (and ultimately Hamiltonian dynamics) in this setting. We are able to give a notion of a tangent category to Γ(M, I ρ ) as well as a covariant derivative of sections of I ρ . We show that the covariant derivative ties in with the parallel transport functors and that it very naturally gives rise to the fake curvature condition from higher gauge theory. 
Conventions and notation
For the convenience of the reader, we summarise here our notation and conventions to be used throughout this paper.
• Most of the geometry in this paper will take place on the smooth manifold M = R d . The manifold R d carries a simply transitive action of the translation group in d dimensions, which we denote by R d t in order to distinguish it from the smooth manifold R d . The global vector field canonically associated to a translation vector v ∈ R d t will be denoted byv
That is,v| x = v for every x ∈ R d . Often we will tacitly use the canonical identification of the tangent space Figure 1 for the case m = 3). Concretely we set
. . , e m ) ⊂ R m denote the standard geometric m-simplex, where e 1 , . . . , e m denotes the standard basis of R m . There is a canonical smooth map
For an m-form η ∈ Ω m (R d ) we introduce the shorthand notation For m = 3, the boundary of 3 (x; e 1 , e 2 , e 3 ) with the induced orientation decomposes as ∂ 3 (x; e 1 , e 2 , e 3 ) = 2 (x; e 2 , e 3 ) ∪ 2 (x; e 1 , e 2 + e 3 ) ∪ 2 (x; e 1 + e 2 , e 3 ) ∪ 2 (x − e 3 ; e 1 , e 2 ) , (1.10)
where an overline denotes orientation reversal.
• Let G be a group. We denote by BG the category with a single object * and one morphism for every element g ∈ G. Composition of these morphisms is given by the group multiplication in G.
• If C is a category and k ∈ N we define C k to be the (strict) k-category obtained by adding only trivial morphisms in degrees 1 < l ≤ k to C.
• If C is a symmetric monoidal category and k ∈ N, we let B k C denote the (k + 1)-category obtained by placing C in degrees k and k + 1 while having a single object in every other degree.
• For a category C, we let Aut(C) denote the Picard groupoid that has auto-equivalences of C as objects and natural isomorphisms as morphisms. If C is monoidal, we let Aut ⊗ (C) denote the Picard groupoid that consists of monoidal auto-equivalences and monoidal natural isomorphisms.
• We let BiCat denote the 3-category of bicategories, 2-functors, 2-natural transformations and modifications.
• Given an object r of a symmetric monoidal category R and a module category M over R, we denote by r : M −→ M the action of r on M.
• Throughout this paper we do not indicate coherence morphisms explicitly, such as associators and unitors in monoidal categories (or braidings in the symmetric case), in order to streamline notation. Due to Mac Lane's Coherence Theorem [ML98] they can always be reinstated in an essentially unique way.
Associative magnetic translations
If the magnetic field ρ ∈ Ω 2 (M ) is defined everywhere on M = R d and is closed, dρ = 0, then there exists a connection on the trivial complex line bundle L = M × C pr M −−→ M with curvature ρ; the connection can be described by a globally defined 1-form A ∈ Ω 1 (M ) satisfying dA = ρ. Quantising the Poisson structure ϑ ρ produces the Hilbert space H = L 2 (M, L) of square-integrable sections of L (defined with respect to the Lebesgue measure). The coordinate functions x i and p i on M correspond to self-adjoint operators
and
for all x ∈ M , each defined on a dense subspace of H . One easily verifies the commutation relations (1.8) which quantise the magnetic Poisson brackets (1.4).
The momentum operator O p i is nothing but −i times the covariant derivative in the direction e i induced by the connection ∇ L = d + i A on L; therefore the canonical action of the translation group R d t on H generated by the momentum operators is given by the parallel transport in the line bundle L. Concretely, for v ∈ R d t we define the magnetic translation operators
for all x ∈ M . Here the parallel transport in the line bundle L with connection ∇ L along the path
A .
Evaluating the composition of two translation operators on a section ψ ∈ Γ(M, L) using Stokes' Theorem gives
This shows that the magnetic translation operators do not respect the group structure of the translation group strictly, but only up to a failure measured by the U(1)-valued function ω v,w ∈ C ∞ (M, U(1)) with
for all x ∈ M and v, w ∈ R d t . We will now study the collection of these functions and in particular the dependence of ω v,w on the vectors v, w ∈ R d t in more detail.
Definition 2.3. Let G be a group and let M be a G-module, i.e. an abelian group M with a compatible G-action τ :
for all g, h, k ∈ G, and we write ω ∈ C 2 (G, M).
on the translation group R d t with respect to the action
Proof. We check the 2-cocycle condition at an arbitrary but fixed point x ∈ M :
Consequently, the parallel transport operators P ∇ L do not furnish a representation of the translation group R d t on the Hilbert space H = L 2 (M, L). Rather, we find the following structure (see also [Sol18] ).
Definition 2.5. Let G be a group, let A be a unital commutative C-algebra whose group of invertible elements is denoted A × , and let M be an A-module (which is a complex vector space since A is unital). Assume that A carries a G-action τ : G × A −→ A compatible with the algebra operations, i.e. τ g (f f ) = τ g (f ) τ g (f ) for all f, f ∈ A and g ∈ G. Let ω ∈ C 2 (G, A × ) be an A × -valued 2-cocycle with respect to the action τ . A weak projective representation of G on M twisted by ω is a map
respecting the group structure of M such that
for all f ∈ A, ψ ∈ M and g, h ∈ G. If G is a Lie group, and A and M carry smooth structures, we additionally demand that τ and ρ be smooth maps.
Hence we have found a weak projective representation of R d t twisted by the 2-cocycle ω of the translation group on M = H , where the relevant algebra is
The 2-cocycle ω is in fact trivial in group cohomology; it is the coboundary of the C ∞ (M, U(1))-valued 1-cochain λ given by
This trivialisation corresponds to passing from the noncommutative kinematical momentum operators O p i to the commuting gauge-variant canonical momentum operators
, which at the level of coordinate functions on M sends the symplectic form (1.1) to the canonical form σ 0 .
In the special case of a constant magnetic field, where the 2-form ρ =ρ ∈ Ω 2 (M ) is constant, the 2-cocycle ω factors through U(1) regarded as a trivial R d t -module. That is, denoting by ı :
In this case the weak projective representation of R d t on H reduces to an honest projective representation.
The parallel transport operators P ∇ L used above also provide the bridge between canonical quantisation and (strict) deformation quantisation, i.e. the Weyl correspondence between operators and symbols, see e.g. [MP04, Sol18] . For completeness and for later reference, let us outline the correspondence. Let S (M ) denote the space of Schwartz functions on M = R d endowed with its Fréchet topology and S (M ) its (topological) dual space of tempered distributions.
We begin by recalling from [MP04] the 'magnetic Weyl system' which is the family of unitary operators {W (X)} X∈M on H defined by
The 'magnetic Weyl quantisation map' then proceeds in analogy with the usual Weyl correspondence:
and following the standard terminology we refer to the phase space function f =: W (O f ) as the magnetic Weyl symbol of the operator O f ; in particular, one readily checks that the magnetic translation of a symbol f ∈ S (M) is realised as the conjugation action
in the magnetic Weyl system [IMP10] .
This construction induces a 'magnetic Moyal-Weyl star product' ρ :
Explicitly, it is given by a twisted convolution product defined by the oscillatory integrals
where ω is the 2-cocycle defined in (2.2). This star product turns the Schwartz space S (M) into a noncommutative associative C-algebra and has similar properties to the usual Moyal-Weyl star product which is recovered for ρ = 0 (i.e. ω = 1). In particular, if ρ =ρ ∈ Ω 2 (M ) is constant, we can replace ω by the U(1)-valued 2-cocycleω and write the magnetic Moyal-Weyl star product in terms of the corresponding symplectic form (1.1) as
with a non-trivial connection is completely described by its connection 1-form 
. This monoidal product is nothing but the tensor product of line bundles with connection restricted to trivial line bundles; its monoidal unit is A = 0.
The central idea to categorifying line bundles is to replace scalars by vector spaces. As we are interested only in topologically trivial bundle gerbes here, we do not need to consider any transition functions. Under the above paradigm, generic C-valued functions are categorified to hermitean vector bundles. Finally, in order to obtain curvature 3-forms, the connection on a bundle gerbe must be given by a 2-form. We let h(n) ⊂ Mat(n × n, C) denote the Lie algebra of hermitean n × n matrices.
• An object is given by a 2-form ρ ∈ Ω 2 (R d ). We also denote the object corresponding to ρ by I ρ .
The 3-form H := dρ ∈ Ω 3 (R d ) is the curvature of I ρ .
• A 1-morphism
. This is to be thought of as the connection 1-form of a hermitean connection on a rank n hermitean vector bundle
is the field strength of the connection d + i η on the bundle E η .
is unitary for all x ∈ R d , and it is parallel if it satisfies i η ψ = i ψ η − dψ. A 2-morphism ψ is to be thought of as a morphism ψ : E η −→ E η of hermitean vector bundles with connection.
• Composition of 1-morphisms η : I ρ 0 −→ I ρ 1 and η :
Horizontal composition of 2-morphisms is given by (ψ, φ) −→ φ ⊗ 1 + 1 ⊗ ψ.
• Vertical composition of 2-morphisms is given by pointwise matrix multiplication, i.e. it reads as (φ, ψ) −→ ψ φ.
This is a simplified version of the general 2-category of bundle gerbes on R d in the same way that HLBdl ∇ triv (R d ) is a simplification of the category of hermitean line bundles with connection on R d . However, as pointed out above, since R d is homotopically trivial, the 2-category BGrb
in fact equivalent to the general 2-category of bundle gerbes on R d and will, therefore, be perfectly sufficient for us to use in the present setting.
Remark 3.2. The 2-category defined as above makes sense if we replace R d by any manifold M . However, the equivalence to the full 2-category of bundle gerbes does not hold on generic base manifolds M . Nevertheless, the full 2-category of bundle gerbes on M can be constructed from BGrb The 2-category BGrb ∇ triv (R d ) carries a symmetric monoidal structure, denoted ⊗, which is defined as follows: given two objects
Given 1-morphisms η, ν : I ρ 0 −→ I ρ 1 and η , ν : I ρ 0 −→ I ρ 1 , as well as 2-morphisms ψ : η =⇒ ν and ψ : η =⇒ ν , we set
for all x ∈ R d . The unit of the symmetric monoidal structure ⊗ is the trivial bundle gerbe with connection I 0 .
There is an additional symmetric monoidal structure ⊕ on the category of morphisms I ρ 0 −→ I ρ 1 . For 1-morphisms η, η , ν, ν : I ρ 0 −→ I ρ 1 , and 2-morphisms φ : η =⇒ η and ψ : ν =⇒ ν , it reads as
for all x ∈ R d . Note that ⊗ is monoidal with respect to ⊕ in each argument -in other words, on 1-morphisms and 2-morphisms ⊗ distributes over ⊕. In particular, the category BGrb ∇ triv (R d )(I 0 , I 0 ) of endomorphisms of the trivial bundle gerbe is a categorified ring, or a rig category. Moreover, there exists an action of this rig category on every other morphism category BGrb
by the tensor product ⊗ of (trivial) bundle gerbes. This turns the morphism categories in BGrb
i.e. the rig category of endomorphisms of the trivial bundle gerbe I 0 is equivalent to the rig category of trivial hermitean vector bundles with possibly non-trivial connection on R d . For gerbes I ρ j with ρ j = 0 for j = 0, 1 there is still an equivalence
of rig modules over HVBdl 
2-Hilbert space of sections
If I = M × C is the trivial hermitean line bundle on a manifold M and L is an arbitrary hermitean line bundle on M , there are canonical isomorphisms
This motivates the following definition.
Definition 3.3. Let ρ ∈ Ω 2 (R d ) and let I ρ be the corresponding trivial bundle gerbe on R d . The category of global sections of I ρ is
holds for any 2-form ρ ∈ Ω 2 (R d ), just like the space of sections of a line bundle L is independent of the choice of a connection on L.
The hermitean metric on a hermitean line bundle L can be encoded in a non-degenerate positive-
Given a trivial bundle gerbe I ρ on R d , sections η, η , ν, ν : I 0 −→ I ρ , and 2-morphisms φ : η =⇒ η and ψ : ν =⇒ ν , we define a functor
This is the explicit expression on trivial vector bundles of forming homomorphism bundles. We view the bifunctor [−, −] as the higher analogue of a hermitean bundle metric. This idea was developed in the general setting of bundle gerbes in [BSS18, Bun17] ; a less technical treatment can be found in [BS17] . Now let Γ par : HVBdl ∇ −→ Hilb C denote the functor that takes parallel global sections, where Hilb C is the category of finite-dimensional complex Hilbert spaces. Then assigning to a pair η, ν : I 0 −→ I ρ of sections of a bundle gerbe on R d the finite-dimensional Hilbert space 2
provides a categorified hermitean inner product bifunctor
on the category of smooth sections of I ρ .
Finally, the rig category (Hilb C , ⊗, ⊕) of finite-dimensional Hilbert spaces naturally embeds into the rig category (HVBdl 
Weak projective 2-representations
In this section we introduce a higher version of Definition 2.5 by replacing both the algebra A and the module M by analogous categorified objects, while leaving the structure of the group G unchanged. Our main interest will concern actions of G on the 2-Hilbert space of sections of a bundle gerbe. In Section 3 we have seen that the 2-Hilbert spaces arising in this way can be considered as module categories over the category of hermitean vector bundles with connection, which in turn can be regarded as an algebra over Hilb C , the category of finite-dimensional complex Hilbert spaces. In order to approach the final definition, we first define higher 2-cocycles and projective 2-representations of groups on module categories over a symmetric monoidal category. We then generalise these definitions to allow for weak representations by functors which do not preserve the module structure strictly. Our discussion follows and generalises ideas from [FV15, BS06] in the language of 3-categories. 3 A detailed discussion of projective representations in the language of 2-categories can be found in [MS17, Section 3.4]. Throughout we make the structure and relations of higher (weak) 2-cocycles and (weak) projective 2-representations very explicit.
Category-valued 2-cocycles
To set the stage we recall the definition of a group action on a category.
Definition 4.1. Let G be a group and C a category. An action of G on C is a 2-functor Θ : BG 2 −→ BAut(C) .
Remark 4.2. Unpacking this compact definition we obtain the following data:
• A functor Θ g : C −→ C for every g ∈ G ;
• Natural isomorphisms Π g,h : Θ g • Θ h =⇒ Θ g h for every g, h ∈ G ;
• A natural isomorphism θ : Θ 1 =⇒ id C ; satisfying the relations
for all g, h, k ∈ G, where • denotes the vertical composition in the 2-category BAut(C).
We now fix a symmetric monoidal category R and let Pic(R) denote the Picard groupoid of R, which is the maximal subgroupoid of R on the objects that are invertible with respect to the monoidal product.
Definition 4.3. Let G be a group. A higher 2-cocycle on G with values in a symmetric monoidal category R is a 3-functor ω : BG 3 −→ B 2 Pic(R) .
Remark 4.4. Spelling out the definition of a higher 2-cocycle as a 3-functor we obtain the following structure, which is similar to [HSV17, Remark 3.8]:
• An object ı ∈ Pic(R) ;
• An object χ g,h ∈ Pic(R) for all pairs g, h ∈ G of group elements ;
• Isomorphisms γ g : ı ⊗ χ 1,g −→ 1 and δ g : 1 −→ χ g,1 ⊗ ı for every element g ∈ G (compare [HSV17, Eqs. (3.8) and (3.9)]).
All other structure is trivial by the properties of the 3-categories involved. We have to replace modifications in [HSV17] with 3-morphisms in our case. This data is subject to the following conditions:
• The diagram
for all g, h, k, l ∈ G. We complement this by the simplifying normalisation conditions
There is a natural notion of morphisms between higher 2-cocycles given by lax 3-natural transformations (that are strict with respect to identities). The problem with this definition is that the standard definition of a 3-natural transformation, appearing for example in [GPS95] , is that of an op-lax 3-natural transformation in the terminology of [JFS17] . To our knowledge, the definition of a lax 3-natural transformation is not spelled out explicitly in the literature, and we refrain from doing so in this paper. Instead we give a more concrete definition, which we arrived at by reversing the directions of arrows in the definition corresponding to op-lax 3-natural transformations.
Definition 4.5. Let (χ, ω) and (χ , ω ) be higher 2-cocycles on a group G with values in a symmetric monoidal category R. A higher 2-coboundary (λ, Λ) : (χ, ω) −→ (χ , ω ) is given by the data of:
• An object λ g ∈ R for every group element g ∈ G ;
• Isomorphisms Λ g,h :
satisfying the normalisation conditions λ 1 = 1, Λ 1,g = Λ g,1 = id and the coherence condition given by the commutativity of the diagram
for all g, h, k ∈ G. Here we do not display monoidal products, braidings or identities for brevity. If (λ, Λ) : (χ, ω) −→ (χ , ω ) and (λ , Λ ) : (χ , ω ) −→ (χ , ω ) are two higher 2-coboundaries, their composition reads as (λ ⊗ λ , Λ • Λ).
Remark 4.6. There is a natural definition of morphisms between higher 2-coboundaries and of morphisms between these morphisms which we do not spell out explicitly. Formally, this stems from the fact that our definitions can be seen to take place in the 4-category of 3-categories.
Definition 4.7. The second group cohomology of G with values in the Picard groupoid of a symmetric monoidal category R is the abelian group H 2 (G, Pic(R)) obtained as the quotient of the collection of higher R-valued 2-cocycles (χ, ω) on G by the equivalence relation (χ, ω) ∼ (χ , ω ) if and only if there exists a higher 2-coboundary (λ, Λ) : (χ, ω) −→ (χ , ω ).
A symmetric monoidal functor F : R −→ R induces a natural map
Projective 2-representations on module categories
We can embed B 2 Pic(R) into the 3-category BiCat of bicategories by sending the only object to the bicategory R-mod of R-module categories, module functors and natural transformations, the only 1-morphism to the identity, objects r ∈ R (regarded as 2-morphisms) to the 2-natural transformation r : id R-mod =⇒ id R-mod with components r|M : M −→ M given by the action of r on M for every Rmodule category M, and a morphism f : r −→ r to the induced modification f : r r . We denote the composition of a higher 2-cocycle ω with this embedding again by ω. Using this embedding we can give an elegant definition of a projective 2-representation ρ twisted by a higher 2-cocycle ω with values in R as a (lax) 3-natural transformation
where 1 is the constant 3-functor at the terminal 2-category with only one object, 1-morphism and 2-morphism. Again, the problem with this definition is that the standard definition of a 3-natural transformation, appearing for example in [GPS95] , is that of an op-lax 3-natural transformation in the terminology of [JFS17] . Hence we give a more concrete definition.
Definition 4.8. Let G be a group, R a symmetric monoidal category and (χ, ω) a higher 2-cocycle on G with values in R. A projective 2-representation of G over R twisted by (χ, ω) consists of:
• An R-module category C ;
• An R-module functor Θ g : C −→ C for every group element g ∈ G ;
• A natural isomorphism θ : Θ 1 =⇒ id C .
These data are subject to the coherence conditions given by Π 1,g = Π g,1 = θ and the commutativity of the diagram
for all g, h, k ∈ G. We again impose the simplifying normalisation conditions Θ 1 = id C and θ = id id C .
The unlabelled isomorphism in the diagram (4.9) arises from the property that Θ g is an R-module functor -it commutes with all functors of the form r : C −→ C for r ∈ R up to coherent isomorphism. If the higher 2-cocycle (χ, ω) is trivial, i.e. if χ g,h = 1 C is the monoidal unit in C and ω g,h,k = id for all g, h, k ∈ G, the data of a projective 2-representation of G on C reduces to that of an honest representation of G on C by R-module functors Θ g . These still do not respect the group multiplication strictly, but only up to coherent isomorphism Π g,h .
Weak projective 2-representations
In Section 2 we saw that if the line bundle with connection (L, ∇ L ) on R d has non-constant curvature, the parallel transport on L only induces a weak projective representation of the translation group on the space of sections of L. Motivated by this observation we proceed to categorify Definition 2.5. The difference between a projective representation of G on an A-module M and a weak projective representation is that in the latter case the algebra A carries a non-trivial G-action τ itself, and the G-action on M is by weak module maps relative to τ (see Definition 2.5). In the categorified formalism, this affects the unlabelled isomorphism in the diagram (4.9), which was a consequence of the property that the representing functors Θ g are R-module functors. We thus have to introduce a more general definition of these functors.
Definition 4.10. Given two R-module categories C and C , a weak R-module functor C −→ C is a pair of functors (F : C −→ C , τ : R −→ R), where τ is symmetric monoidal, together with natural isomorphisms η r,c : F (r ⊗ c) −→ τ (r) ⊗ F (c) for all objects r ∈ R and c ∈ C satisfying the usual coherence conditions. Using this definition we can introduce the notion of a higher weak 2-cocycle and a weak projective 2-representation generalising the analogous notions of Section 2.
Definition 4.11. An action of a group G on a symmetric monoidal category R is a 2-functor
where Aut ⊗ is the groupoid of monoidal autofunctors and monoidal natural isomorphisms between them.
Definition 4.12. Let τ be an action of a group G on a symmetric monoidal category R. A higher weak 2-cocycle on G with values in R twisted by τ amounts to giving:
• An object χ g,h of Pic(R) for every pair of elements g, h ∈ G ;
such that χ g,1 = χ 1,g = 1 for all g ∈ G, and, supressing isomorphisms corresponding to symmetric monoidal functors and τ , the diagram
commutes for all g, h, k, l ∈ G, while if any one entry of ω is 1 then ω is the identity up to structure isomorphisms. We will sometimes denote this data by the short-hand notation (χ, ω, τ ).
From the point of view of group cohomology, higher weak 2-cocycles are just higher versions of 2-cocycles valued in non-trivial G-modules. The adjective 'weak' may thus seem superfluous in this instance, but we choose this nomenclature to stress their relation to weak projective 2-representations defined below. We also generalise Definition 4.5.
Definition 4.14. Let G be a group, R a symmetric monoidal category, τ a G-action on R, and let (χ, ω, τ ) and (χ , ω , τ ) be R-valued higher weak 2-cocycles on G twisted by τ . A higher weak 2-coboundary (λ, Λ) : (χ, ω, τ ) −→ (χ , ω , τ ) is given by specifying:
for every pair of group elements g, h ∈ G ; subject to the conditions that λ 1 = 1, that Λ 1,g = Λ g,1 = id for all g ∈ G, and that the diagram
commutes for all g, h, k ∈ G.
Adjusting Definition 4.8 to the case of higher weak 2-cocycles we arrive at the central concept of this paper. Definition 4.16. A weak projective 2-representation of a group G on an R-module category C twisted by a higher weak 2-cocycle (χ, ω, τ ) consists of the following data:
These data are subject to the conditions that Θ 1 = id, that Π 1,g = Π g,1 = id for all g ∈ G, and also that the diagram
commutes for all g, h, k ∈ G. Here the unlabelled isomorphism comes from Θ g being weak R-module functors.
Given a weak projective 2-representation (Θ, Π) of G on C twisted by a higher weak 2-cocycle (χ, ω, τ ) and a higher weak 2-coboundary (λ, Λ) : (χ, ω, τ ) −→ (χ , ω , τ ) we can define a new weak projective 2-representation λ * (Θ, Π) of G on C twisted by (χ , ω , τ ) by setting
for all g, h ∈ G.
Definition 4.19. Let C and C be R-module categories. A morphism of weak projective 2-representations (C, Θ, Π) −→ (C , Θ , Π ) twisted by the same higher weak 2-cocycle (χ, ω, τ ) consists of:
• An R-module functor ϕ : C −→ C ;
satisfying m 1 = id and the coherence condition
for all g, h ∈ G, where the right-most quadrangle commutes because ϕ is an R-module functor.
Nonassociative magnetic translations
Let ρ ∈ Ω 2 (M ) be a magnetic field on the configuration space M = R d . Recall from Section 3 that the category Γ(M, I ρ ) underlying the 2-Hilbert space of sections of a trivial bundle gerbe I ρ on M has the following description. Objects are 1-forms η on M with values in the Lie algebra h(n) of hermitean n × n matrices for some n ∈ N 0 . A morphism f :
is a Mat(n × n , C)-valued function f on M , and we call f parallel if it satisfies
In this section we will show that the translation group has a natural weak projective 2-representation on the 2-Hilbert space Γ(M, I ρ ). Concretely, in the notation of Section 4 we take R = (HVBdl ∇ triv (M ), ⊗) as the ambient symmetric monoidal category, M = (Γ(M, I ρ ), ⊕) as a module category over R, and
Remark 5.2. With these specific choices for R, M and τ , we obtain a direct categorification of the structure of an ordinary weak projective representation from Definition 2.5. In accordance with the general paradigm of Section 3, we first replace the ground field (C, +, ·) by the rig category (Hilb C , ⊕, ⊗). There is a categorified Hilb C -algebra structure on A = (HVBdl ∇ triv (M ), ⊗, ⊕), where the action of Hilb C on A is via mapping Hilbert spaces to trivial vector bundles, as spelled out in Section 3.2. Finally, M = (Γ(M, I ρ ), ⊕) is a module category over A.
In the ensuing concrete calculations we frequently make use of the fact that the Lie derivative L and integration are compatible in the following sense: for every oriented manifold M one has d dt
where V is an m-dimensional submanifold of M , η is an m-form on M , andv is a vector field on M with flow Φv(t) for t ∈ [0, 1].
Higher weak 2-cocycle of a magnetic field
Before introducing magnetic translation operators we define the higher weak 2-cocycle (χ, ω, τ ) with values in the symmetric monoidal (Hilb C -algebra) category R = HVBdl ∇ triv (M ) (cf. Definition 4.12):
• First, we define the action of the translation group R d t on HVBdl ∇ triv (M ) to be the pullback
t , the 1-form χ v,w ∈ Ω 1 (M ) represents the trivial line bundle over M with connection 1-form
for all a ∈ T x M , where ιâ denotes contraction withâ ∈ Γ(M, T M ) which is the unique extension of a to a constant vector field on M , and H = dρ is the curvature of the bundle gerbe I ρ .
• Given a triple u, v, w ∈ R d t of translation vectors we define an isomorphism in HLBdl
We check that this defines a parallel morphism of hermitean vector bundles with connection, i.e. that (5.1) is satisfied: setting f = ω u,v,w , we compute
LâH .
On the other hand, setting η = χ u+v,w + χ u,v and η
where we have used (1.10) together with Stokes' Theorem, the Cartan formula for the Lie derivative
, and that dH = 0. The higher weak 2-cocycle condition (4.13) with respect to the action τ of R d t on HVBdl ∇ triv (M ) is satisfied since the curvature 3-form H is closed. Similarly to the discussion of Section 2, we can trivialise the higher weak 2-cocycle (χ, ω, τ ). For this, we denote by (χ 0 , ω 0 , τ ) the trivial higher weak 2-cocycle twisted by τ from the above construction, i.e. χ 0 v,w is the trivial line bundle with trivial connection and ω 0 u,v,w is the identity for all u, v, w ∈ R d t .
Proposition 5.3. There is a higher weak 2-coboundary (λ, Λ) : (χ, ω, τ ) −→ (χ 0 , ω 0 , τ ) given by:
• For each v ∈ R d t , the 1-form λ v represents the topologically trivial line bundle with connection 1-form given by
for all x ∈ M and a ∈ T x M ;
• Given any two translation vectors v, w ∈ R d t , we define an isomorphism of hermitean line bundles
Proof. We check that Λ v,w is parallel for all x ∈ M and a ∈ T x M :
where we have used Stokes' Theorem and the Cartan formula, as well as the fact that for 1-forms A, A ∈ Ω 1 (M ) there is a canonical isomorphism of hermitean line bundles E A ⊗ E A ∼ = E A+A (in the notational conventions of Definition 3.1). Finally we check that with these choices of λ and Λ, the diagram (4.15) commutes; we compute exp i
for all x ∈ M , where we used (1.10) and Stokes' Theorem.
Weak projective 2-representation of magnetic translations
To construct a weak projective 2-representation of the translation group R d t we define a parallel transport functor on sections of the bundle gerbe I ρ . For arbitrary translation vectors v ∈ R d t , connection 1-forms η ∈ Ω 1 (M, h(n)) and functions f ∈ C ∞ (M, Mat(k × l)) for n, k, l ∈ N 0 it reads as
for all x ∈ M . We can rewrite the term in P v (η) that contains ρ as
, regarded as a connection on a trivial hermitean vector bundle on M = R d , and η ∈ Γ(M, I ρ ) we have
in the notation of Definition 3.1, and accordingly for morphisms f .
To make this into a weak projective 2-representation we define natural isomorphisms
for all translation vectors v, w ∈ R d t and points x ∈ M .
Lemma 5.6. For any v, w ∈ R d t , the isomorphism Π v,w|η is parallel and natural in η.
Proof. In the notation of (5.1) we now have to consider f = Π v,w|η . We calculate
On the other hand, for the difference i (ξ − ξ) in (5.1), with ξ and ξ chosen as indicated in (5.5), we obtain
Lâρ · 1 n , using Stokes' Theorem, the Cartan formula and H = dρ. The naturality follows from the fact that Π v,w|η is independent of η and central in the algebra of matrix-valued functions on M .
Theorem 5.7. The pair (P, Π) defined in (5.4) and (5.5) forms a weak projective 2-representation of the translation group R d t on the HVBdl ∇ triv (M )-module category Γ(M, I ρ ) twisted by the higher weak 2-cocycle (χ, ω, τ ) defined in Section 5.1.
Proof. We have to verify that the diagram (4.17) commutes, which amounts to commutativity of the diagram
Pu(Πv,w)
The functors χ do not change the functions underlying the isomorphisms Π, while P acts on these functions only by a translation. At the level of the underlying functions we thus calculate
for all x ∈ M . Here we have once again made use of the decomposition (1.10) of the oriented boundary of the 3-simplex.
Remark 5.8. There are two different ways to go from the composition of three translation operators to a single translation operator. Their difference is controlled by ω as depicted in the diagram
This is the implementation of nonassociativity in the higher categorical framework.
Remark 5.9. Using the expressions in (4.18) to push forward the weak projective 2-representation along the higher weak 2-coboundary defined in Proposition 5.3 yields the honest 2-representation of R d t on Γ(M, I ρ ) by bare pullbacks, which is completely associative. This should be understood as a higher categorical analogue of switching between kinematical and canonical momentum operators as discussed in Section 2.
Remark 5.10. The weak projective 2-representation (P, Π) together with the higher weak 2-cocycle (χ, ω, τ ) give an independent derivation of the nonassociativity of magnetic translations in generic backgrounds of magnetic charge, as calculated originally by [Jac85] . In this latter approach the C ∞ (R 3 , U(1))-valued 3-cocycle ω on R 3 t that appears as part of the higher weak 2-cocycle (χ, ω, τ ) was derived by purely algebraic means from the commutation and association relations (1.8) and (1.9), with no description of the quantities that nonassociative magnetic translations act on. Here, in contrast, we have arrived at the 3-cocycle by first answering that question -it is the category of sections of a bundle gerbe I ρ -and then representing magnetic translations by means of parallel transport on I ρ . Thus the parallel transport P on the bundle gerbe I ρ relates to the 3-cocycle ω in complete analogy to how the parallel transport P on the line bundle L in Section 2 is related to the 2-cocycle derived in e.g. [Han18, Sol18] . This suggests an interpretation of sections of bundle gerbes as a generalised model for the quantum state space of a charged particle in generic distributions of magnetic charge.
Examples
Let us now look at two particular examples. The first example is a consistency check to some extent -we investigate the case where the magnetic charge distribution H = dρ vanishes identically. In the second example we consider a constant distribution H =H of magnetic charge. This latter example cannot be treated in the gauge theory formalism of classical electromagnetism; while a finite collection of Dirac monopoles may be treated by removing their locations to avoid singularities, there is no line bundle that can realise a non-vanishing smooth distribution of magnetic charge.
No magnetic charge
Let us first assume that H = dρ = 0. Then we can find a suitable 1-form A ∈ Ω 1 (M ) such that ρ = dA. The condition H = 0 implies that the higher weak 2-cocycle (χ, ω, τ ) is the trivial higher weak 2-cocycle twisted by τ . That is, (χ, ω, τ ) = (χ 0 , ω 0 , τ ), where the action τ of the translation group on R = HVBdl ∇ triv (M ) is still non-trivial. The nonassociativity discussed in Remark 5.8 is absent, however, since ω is trivial. Nevertheless, there still remains the non-trivial action of the translation group and a non-trivial 2-cocycle described by Π, which is part of the weak projective 2-representation (P, Π). This is precisely the 2-cocycle introduced in (2.2) and derived in e.g. [Han18, Sol18] , which governs the weak projective representation in the classical case. Then (4.17) reduces to the 2-cocycle condition. We thus obtain Proposition 5.11. If I ρ is a flat bundle gerbe on M and A ∈ Ω 1 (M ) satisfies dA = ρ, then the data of the weak projective 2-representation (P, Π) reduce to yield a 2-cocycle Π ∈ C 2 (R d t , C ∞ (M, U(1))). This 2-cocycle agrees with the 2-cocycle (2.2) that the parallel transport on line bundles produces when starting from the hermitean line bundle E A with connection on M .
Similarly to the discussion in Section 2 we can trivialise this weak projective 2-representation.
Proposition 5.12. Let H = dρ = 0, and let A ∈ Ω 1 (M ) satisfy dA = ρ. Denote by (P 0 , Π 0 = id) the trivial weak projective 2-representation of R d t on Γ(M, I dA ) with respect to τ . There is an isomorphism of weak projective 2-representations ( A , η) : (P, Π) −→ (P 0 , Π 0 ), with
Proof. Let a ∈ T x M be a tangent vector at x ∈ M . We start by checking that m v is parallel:
To show the commutativity of the diagrams in Definition 4.19 in this case we have to check the identity
Inserting the definitions we see that this equation reduces to (2.1).
whereω andΠ are given in (5.13) and (5.15), respectively. While this evidently seems to suggest a higher version of the Weyl correspondence discussed in Section 2, it is not clear to us at this stage how to make this precise: what is missing is a suitable higher version of a magnetic Weyl system (2.6) that would lead to a quantisation map f −→ O f taking phase space functions to suitable functors defined by parallel transport on sections of the bundle gerbe Iρ, and moreover the extension of this explicit deformation quantisation to nonassociative magnetic translations corresponding to non-constant magnetic charge distributions H = dρ. A categorification of the magnetic Weyl correspondence is also discussed in [MSS12, Section 4] by integrating the L ∞ -algebra of the twisted magnetic Poisson structure to a suitable Lie 2-group into which C ∞ (M, C) embeds as an algebra object.
Covariant differentiation in bundle gerbes
Let I ρ be a topologically trivial bundle gerbe on M = R d corresponding to a magnetic field ρ ∈ Ω 2 (M ). In Section 5 we have seen how the translation group R d t acts on the category Γ(M, I ρ ) of smooth global sections of I ρ , and thereby on the 2-Hilbert space (Γ(M, I ρ ), −, − ). With an eye to understanding better what a higher version of the magnetic Weyl correspondence discussed in Section 5.4 might involve, we can examine infinitesimal translations, or derivatives, which correspond to momentum operators in the applications to quantum mechanics. In this section we analyse what it means for a section of a bundle gerbe I ρ on M to be covariantly constant and carry out first steps towards understanding momentum operators in this higher geometric context.
Homotopy fixed points
Throughout this section we consider a general hermitean vector bundle (E, ∇ E ) with connection on M = R d . As pointed out in Remarks 3.2 and 3.4, we may view (E, ∇ E ) as a section of I ρ . We would like to find a notion of when a section (E, ∇ E ) ∈ Γ(M, I ρ ) is parallel, in order to then understand the covariant derivative of a general section as an obstruction to it being parallel.
We start again by considering sections of line bundles. Let (L, ∇ L ) be a hermitean line bundle with connection on M = R d . The translation group R d t acts on the space of sections Γ(M, L) by
where P ∇ L is the parallel transport on L that corresponds to ∇ L and ψ ∈ Γ(M, L) is a smooth section of L. Let v ∈ R d t be an arbitrary translation vector with associated global vector fieldv ∈ Γ(M, T M ), and let v ⊂ R d t denote the subgroup generated by v. That is, v = {s v | s ∈ R} is the group of translations on M in the direction of v. A section ψ ∈ Γ(M, L) is covariantly constant in the direction of v, i.e. ∇ L v ψ = 0, if and only if ψ is invariant under, or a fixed point for, the restriction of the action of the magnetic translations P (−) to the subgroup v ⊂ R d t . In the categorified setting there is an appropriately weakened notion of invariance under a group action.
Definition 6.1. Let (Θ, Π) be an action of a group G on a category C as in Definition 4.1. A homotopy fixed point for Θ is an object C ∈ C together with a collection of isomorphisms g : Θ g (C) −→ C for all g ∈ G satisfying the coherence condition
We therefore investigate when sections (E, ∇ E ) ∈ Γ(M, I ρ ) are homotopy fixed points for the action of v ⊂ R d t on Γ(M, I ρ ) that is given by the parallel transport P, defined in (5.4), of the bundle gerbe I ρ . Recalling that τ v : M −→ M , x −→ x + v denotes the translation by v, we set
which is the generalisation of (5.4) to possibly non-trivial hermitean vector bundles. Defining P v ψ := τ * −v ψ for a morphism ψ : E −→ F of vector bundles we turn P v into a functor HVBdl
The functor P v preserves unitary and parallel morphisms. The parallel transport on E induces isomorphisms of vector bundles
This structure is even coherent when carrying out several translations in the same direction: let s, t ∈ R and recall the notation
triv (M ) from Definition 3.1, where η ∈ Ω 1 (M, h(n)). Consider the diagram that arises from the definition of Π in (5.5) given by
3) Here we have used the fact that, because the two translation vectors s v and t v are parallel, the 2-simplices 2 (−; s v, t v) are all degenerate, thus making χ s v,t v as well as Π s v,t v trivial. The diagram on the right-hand side then commutes due to the fact that parallel transports in vector bundles are compatible with concatenation of paths. This result can be summarised as Proposition 6.4. For any v ∈ R d t , the morphisms P ∇ E s v for s ∈ R provide a homotopy fixed point structure on (E, ∇ E ) for the action of the subgroup v ⊂ R d t on the category of sections Γ(M, I ρ ) of the bundle gerbe I ρ .
Remark 6.5. The diagram (6.3) does not commute for arbitrary translations v, w ∈ R d t if the parallel transport P of I ρ has non-trivial holonomy line bundle E χv,w , in analogy to the obstruction on the existence of parallel sections posed by the holonomy of a connection on a line bundle. This will be made precise in Theorem 6.8 below.
Parallel homotopy fixed points and fake curvature
We would like to understand a homotopy fixed point structure for v on a section (E, ∇ E ) ∈ Γ(M, I ρ ) as a notion of (E, ∇ E ) being covariantly constant in the direction defined by v. However, Proposition 6.4 states that there exists a homotopy fixed point structure on (E, ∇ E ) for any translation vector v ∈ R d t , so that every section of Γ(M, I ρ ) would be parallel. In Remark 6.5, in contrast, we observed that the holonomy line bundle E χv,w poses an obstruction to the existence of global homotopy fixed points. Therefore, the homotopy fixed point structures from Proposition 6.4 cannot be the correct notion of covariant constancy for sections of I ρ yet.
The resolution of this contradiction is that, while the morphism P ∇ E v defined in (6.2) is always a unitary isomorphism, it is not necessarily parallel. Following notions of gauge theory, we regard two sections in the 2-Hilbert space Γ(M, I ρ ) given by hermitean vector bundles (E, ∇ E ) and (F, ∇ F ) with connection as equivalent if they differ only by a gauge transformation, i.e. by a unitary parallel isomorphism ψ : E −→ F . The obstruction to P ∇ E v being parallel can be computed as follows: let w ∈ R d t be an arbitrary translation vector. Then
where 2 (x; v, w) ⊂ R d is the parallelogram in R d with corners x − (v + w), x − v, x − w and x. Thus, introducing parameters by replacing v with t v and w with s w for t, s ∈ (−1, 1), and taking the limit s, t −→ 0, we can derive the obstruction to P ∇ E v being parallel.
Definition 6.6. Let I ρ ∈ BGrb ∇ triv (M ) and (E, ∇ E ) ∈ HVBdl ∇ (M ). The (higher) covariant derivative of (E, ∇ E ) in the direction v ∈ R d t is the End(E)-valued 1-form
where F ∇ E is the curvature of ∇ E . The End(E)-valued 2-form F ∇ E − 1 ρ · 1 is called the fake curvature of (E, ∇ E ) when (E, ∇ E ) is regarded as a section of I ρ . If the section (E, ∇ E ) is parallel, i.e. if it satisfies F ∇ E − 1 ρ · 1 = 0, we equivalently say that it satisfies the fake curvature condition.
We call the homotopy fixed point structure P ∇ E on (E, ∇ E ) for the action of v ⊂ R d t a parallel homotopy fixed point structure if P ∇ E s v is a parallel morphism of vector bundles for all s ∈ R. We have thus proved Theorem 6.7. Let v ∈ R d t be a translation vector and let (E, ∇ E ) ∈ Γ(M, I ρ ) be a section of I ρ . Then P ∇ E is a parallel homotopy fixed point structure on (E, ∇ E ), for the action of the group v of translations in the direction of v via the parallel transport P of I ρ , if and only if ∇ ρ v (E, ∇ E ) = 0, i.e. precisely if (E, ∇ E ) is covariantly constant in the direction v.
This provides a novel approach to the fake curvature condition, which deepens the understanding of bundle gerbes with connections as higher line bundles with connections. We can define a T * M ⊗ End(E)-valued 1-form
where as before (e i ) i=1,...,d is the standard basis of R d andê i is the dual 1-form of the vector fieldê i . The expression for the covariant exterior differential d ρ=0 (E, ∇ E ) of a higher function (E, ∇ E ) now perfectly parallels the expression for the de Rham differential of an ordinary function.
Moreover, we can now properly understand the curvature H = dρ of the bundle gerbe I ρ , and thus by (5.5) its holonomy line bundle E χv,w , as an obstruction to the existence of parallel sections.
Theorem 6.8. Let ρ ∈ Ω 2 (M ) be a magnetic field on M = R d . The bundle gerbe I ρ admits a parallel section if and only if it is flat, i.e. precisely if H = dρ = 0.
Proof. If H = dρ = 0, then there exists a 1-form A ∈ Ω 1 (M ) such that dA = ρ. Set (E, ∇ E ) = E A = M × C , d + i A .
Then d ρ E A = 0, i.e. E A ∈ Γ(M, I ρ ) is parallel.
Conversely, let (E, ∇ E ) be a section of I ρ with d ρ (E, ∇ E ) = 0. This is equivalent to (E, ∇ E ) being fake flat, i.e. to F ∇ E = 1 ρ · 1. If det(E) denotes the determinant line bundle of E with connection ∇ det(E) induced by ∇ E , then F ∇ det(E) = rk(E) ρ, where rk(E) is the rank of E. We compute rk(E) dρ = dF ∇ det(E) = 0 , and the result follows.
Recall that connections on a hermitean vector bundle E −→ M form an affine space over the vector space Ω 1 (M, End h (E)), where End h (E) is the bundle of hermitean endomorphisms of E. Definition 6.9. A tangent vector of HVBdl ∇ (M ) at (E, ∇ E ) is a triple (E, ∇ E , ν), where ν ∈ Ω 1 (M, End h (E)). A morphism of tangent vectors (E, ∇ E , ν) −→ (E , ∇ E , ν ) is a pair (ψ, ψ (1) ) of morphisms of vector bundles ψ, ψ (1) : E −→ E . A pair of morphisms (ψ, ψ (1) ) is parallel if
∇
Hom(E,E ) ψ (1) = ψ ν − ν ψ .
The direct sum and tensor product of two tangent vectors are given by
On morphisms, these operations read as
This defines the rig category of tangent vectors T (HVBdl ∇ (M )) to HVBdl ∇ (M ).
The condition of a morphism (ψ, ψ (1) ) being parallel is equivalent to (∇ E + t ν ) • (ψ + t ψ (1) ) − (ψ + t ψ (1) ) • (∇ E + t ν) = O(t 2 ) , for t ∈ R. If ψ : (E, ∇ E ) −→ (E , ∇ E ) is parallel, then so is
This turns the covariant derivative ∇ ρ v into a functor
Here the sum is taken in the tangent space to HVBdl ∇ (M ) at (E, ∇ E ) -it is different from the direct sum. The higher covariant derivative is also compatible with the direct sum of hermitean vector bundles with connections. Thus, in the sense of higher scalars, sections and functions it satisfies all properties that one would expect of a derivative.
Covariantly constant higher functions (E 0 , ∇ E 0 ) ∈ Γ(M, I 0 ) are exactly the flat hermitean vector bundles with connection. Therefore, constant higher functions are very different in general from higher scalars V ∈ Hilb C , because the collection of flat hermitean vector bundles on a manifold M depends on the fundamental group π 1 (M ) and thus depends strongly on the topology of M . This is, however, just the next higher analogue of how the collection of locally constant functions (i.e. those with vanishing de Rham differential) are topological -it is isomorphic to H 0 (M, C), and thus detects π 0 (M ). On the contractible base space M = R d higher constant functions and higher scalars agree up to equivalence of categories.
Turning back to the original motivation of obtaining momentum operators on the 2-Hilbert space (Γ(M, I ρ ), −, − ) of global sections, we see that the appearance of the tangent category obscures the idea of seeing the covariant derivative d ρ as an operator -its source and target categories do not agree, whence we cannot straightforwardly interpret d ρ as an observable. A solution to this problem might be to exploit the fact that HVBdl ∇ defines a stack on manifolds, hence naturally comes equipped with a smooth structure, and modifying the above construction to work in suitable parameterised families. This presumably leads to a much more complex structure than what we have described in the present paper, and we leave it for future investigations.
